Theor Chem Acc (1999) 101:359-363
DOI 10.1007/s00214980m172

Letter

Theoretical
Chemistry Accounts
© Springer-Verlag 1999

The partial averaging Fourier path Integral approach based

on the harmonic reference path

Jenn-Kang Hwang

Department of Life Sciences, National Tsing Hua University, HsinChu 30034, Taiwan

Received: 16 September 1998 / Accepted: 30 October 1998 / Published online: 1 February 1999

Abstract. The Monte Carlo Fourier path integral
approach has proved to be quite useful in calculating
equilibrium thermodynamic properties. One of its ad-
vantages is that it can be formulated in such a way as to
include higher order terms using the partial averaging
technique, which includes the contribution from higher
terms usually neglected by the discretized path integral
approach. In the original approach, the Feynman path
integral is evaluated via a free-particle reference state.
Here, using a new expression for the Feynman paths
expanded around a harmonic reference path, we derive
an alternative formulation for the density matrix element
and its corresponding partial averaging expression.
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1 Introduction

Feynman path integral methods are quite useful in
calculating equilibrium thermodynamic properties such
as density matrix elements, partition functions and
other equilibrium thermodynamical properties [1-10].
Generally, there are two kinds of approach to calcu-
lating path integrals. One approximation, referred to
as the discretized path integral (DPI) approach, is to
discretize the quantum paths such that the quantum
particle becomes isomorphic to a chain of p classical
beads connected with each other through a tempera-
ture-dependent harmonic force [2, 3, 5, 11]. Another
approach, called the Fourier path integral (FPI)
approach, is to expand the quantum path into a
Fourier series [1, 12] and to use only the first p low-
order terms in numerical calculations. These approxi-
mations usually give accurate and converged results for
cases at relatively high temperature, where small p will
usually suffice. However, at low temperature these
approximations start to suffer from slow convergence,
because larger p is required. In the framework of both
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approaches, many methods [13-22] were introduced,
using improved propagators, better reference systems
or better sampling techniques, to accelerate the con-
vergence at low temperature; however these approaches
still drop off the terms or beads presumed to have a
negligible contribution.

The Monte Carlo FPI approach was introduced by
Doll and Freeman [12]. Though the truncated version
of the FPI approach, where the higher order terms are
left out, is essentially comparable to the DPI method
[10, 15] in terms of convergence, the former is advan-
tageous over the latter in that the FPI method, by
means of partial averaging (PA) [1, 6, 7, 9, 10, 23, 24],
can include the average effects of the higher order terms
that are left out in other approaches, i.e., the truncated
FPI or the DPI methods. In the original FPI approach,
the quantum path is expanded around a free-particle
path (FP) by a Fourier expansion; hence, it is expected
that a reference system other than the free-particle
system should further improve the PA FPI calculations.
PA FPI approaches [6, 7, 9, 24] were indeed proposed
based on variational or local harmonic reference states;
however all these approaches are based on the centroid
formulation [1], so they cannot be used to calculate
thermal propagators or density matrix elements. In the
present work, starting from the original FPI thermal
propagator, we have derived an alternative harmonic-
referenced PA FPI formulation for the thermal prop-
agator and its corresponding PA version, and we
demonstrate its applicability to a model system at low
temperature.

2 Methods

In the original FPI formulation [12], the path is expanded in a
Fourier series around the free—particle reference path, i.e.,

X(@) =y (0) + > sin(@y1) | 0
n=1

where xp, is a FP given by x; + (x; — x;)t//p, with x; and x; denoting
the initial and final positions, f is 1/kgT, kp is the Boltzmann
constant and 7T is temperature, and Q, = nn/if. With this repre-
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sentation of the Feynman paths, the thermal propagator or density
matrix element can be written as
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where p, (xf., xi) is the free-particle density matrix element given by,
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with the Gaussian widths s, given by s2 = 2/m/3£25. For conve-
nience, we shall refer to this approach as the FP method. In the
truncated version of the FP approach, only the first p terms are
used, while the higher order coefficients are neglected. The trun-
cated FPI is then calculated by the Monte Carlo method.

In the PA FP approach, the higher order terms, instead of
being just thrown out, are included in an average way by means
of a PA technique [10, 23]. The PA FP thermal propagator is
given by

P(xﬁxi) ~ Prp(xfaxi)<exl? -

St —
O\g

dfﬁ[xfp(f)] > ] (%)

where the effective potential ¥

|

ip(7)] is
2/Zf"fp>

A /27rocfp

and the truncated path X, (7) and the Gaussian width «g, are given
by

/\

(] = [ (g +31)

Xp (1) = xpp (T +Zb sin(Q,1) (7)
»
oclp oy r(hﬁ —1) leﬁ sin? Q, 7 . (8)

The PA FP approach has been shown to be very powerful, with
only a moderate number of Fourier terms, in calculating thermo-
dynamical properties at low temperature [10, 23].

We start from Eq. (2), inserting a reference potential 75 (x), and
obtain
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In the case of Vp(x) = Imwx?, the integral of ¥[x(1)] over t can be
evaluated dndlythdlly, ie.,
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Substituting Eq. (10) into Eq. (9), and using the identity

> hwp
H Qz+w2 \/sinhhwﬁ’ (1)

we obtain a very simple expression for the thermal propagator,
Bh
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which is similar in appearance to Eq. (2). Here py,,,, is the harmonic
density matrix element:
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and 6V (x) = V(x)—lmwzx2 The Gaussian average (---), , .

with widths ¢2 = 2/mﬁ(Q + ?), is now averaged over a new set
of variables bn, which is related to a, through the following rela-
tionship
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In terms of b,, the quantum path is of the following form,

x(t) = |x;i + (xp —x;)t/Bf — ZZw #g))zx)/)

+an sin(Q,7) . (15)
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sin(Q,7)

The seemingly complicated terms inside the brackets of Eq. (15) can
reduce to a simple, suggestive form,

[-]= m [x/sinh @t — x; sinh(wt — Awp)] . (16)
Immediately, we see that Eq. (16) is actually the trajectory of a
harmonic oscillator that propagates in imaginary time and satisfies
the boundary conditions: x(0) = x; and x(%f) = x;. It is clear that
Eq. (15) gives the expression for the quantum path expanded
around a harmonic path, i.e., Eq. (16), in terms of b,. For conve-
nience, we will designate the harmonic path as xumo(7), and refer to
our approach (Egs. 12, 15 and 16) as the harmonic path (HP)
approach.

Typical Feynman paths expanded in FP and HP series, i.e.,
Egs. (1) and (15), are plotted in Fig. 1. The paths with p =0 and
p = 250 are drawn as the solid line and the dotted line, respectively.
All paths plotted are closed, i.e., the initial point is identical to the
final point of the path. It is interesting to note that the paths based
on the harmonic reference state (Fig.la) will approach x =0 at
T = hf/2 with fluctuations introduced by the higher order terms
(p # 0). The paths based on the free-particle reference state (Fig.
2a) fluctuate around the straight line traced by the free particle. In
the limit of large p, these representations of the Feynman paths
become identical, as expected. In the limit of w approaching zero,
the HP Gaussian width o, reduces to the FP Gaussian width s,.
Equations (12), (15) and (16) offer an alternative formulation for
the FPI calculation of the thermal propagator. In the case of di-
agonal density matrix elements, the frequency w can be conve-
mently taken to be the second derivative of the potential,

V(x)/dx?; however, in the case of the off-diagonal matrix ele-
ments the choice of the frequency is not unique. One of the options
is to use the second derivative of the potential function at either x;
or xy, or even the midpoint (x; +x/)/2. In the case of negative
second derivatives such as double well potentials, the terms in-
volving the denominator 92 + @? could become zero or negative.
This presents no problem, since we can always choose a value of w
such that Qﬁ + ? is greater than zero and Eq. (12) can be evaluated
by the usual Monte Carlo method.
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Fig. 1. Comparison of a the harmonic reference paths (HP) and b
the free-particle reference paths (FP). All paths plotted are closed,
i.e., the initial point is identical to the final point of the path. The
solid lines are the paths with p = 0, and the dotted lines are the paths
with p = 250

3 The PA implementation
The implementation of PA to the HP formulation is

rather straightforward [10, 23], and the final PA expres-
sion for the FP thermal propagator is,
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Fig. 2. Comparison of the Gaussian widths a oy, and b oy, as a
function of 7 (in units of 7f)

Here Xumo(7) is the truncated path with terms up to order
p:

Xhmo(T) = Xhmo () + Z: by, sin(Q,7) (18)

and the effective potential 67 [%(t)] is given by

2 /9,2
o _ exp(—y° /2,0
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N
The Gaussian width oy, 1S given by,
2 = h coshhwf — cosh(hwp — 2wr)
hmo " 2men sinh Awp
P
- Z a’sin® Q,1 . (20)
n=1

In the limit w — 0, it is not hard to see that Eqs. (17)—
(20) reduce to Egs. (5)—(8). The Gaussian widths opme
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and og, as a function of 7 are compared in Fig. 2. They
show quite distinct shapes at p = 0, but when p increases
they become similar.

The multidimensional implementation of the HP
method is rather straightforward [9]. The N-dimensional
version of the smeared potential V[xp( 7)] is given by

dx;
= /H \/2ma?
X exp (— Z%) VIx+x,(7)] , (21)

j=1 =7

where the mass-weighted coordinates x; are used here. In
practical calculations, Eq. (21) can be expanded in a
Taylor series,

7(x) 22( Dt @)

where Vi, = 82V/8x Ox;. The quantities ¢; and <x
Eq. (21) are given by

G = ijcjk
=1

R cosh 7iw;f — cosh (fiw;f — 2w;7)
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Here the Gaussian width o2 is given by
jn =2/p EQz + a)B The quantities w; and Cj are the

jth eigenvalue and its corresponding kth eigenvector,
respectively, of the N x N matrix F defined by

F; = dTV;x, Xp )] ) (23)
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where V., = 0V /0x;0x;.

4 Results and discussion

Consider a well-known model system: a harmonic
oscillator coupled with a quartic term through g,

1 g a4
Vi(x)= 2x +75 - (24)
The effective potential can be solved analytically,
. 1
V(x) = 3 (x* + o) + % (x* + 6x70? + 30%)

where o is the Gaussian width. For convenience, we will
set both m and 7% to 1. In most cases, it is difficult to
obtain analytical solutions for the effective potential,
and the following expansion should be useful,

6)- 5276

where the superscript (2n) denotes the 2nth derivative.
The diagonal density matrix elements, calculated by the
FP and HP approaches are plotted in Fig. 3. As shown
in the figure, the HP methods give better results than the
FP methods, and the density matrix elements calculated
by the PA FP method with p =4 are almost indistin-
guishable from the exact values. The convergence of the
quantum free energy calculated by the FP and HP
approaches is compared in Fig. 4. As expected, the HP
methods perform better. It is interesting to note that at
small p, the truncated HP method gives better results
than the PA FP method, but the latter quickly outper-
forms the former as p increases. In general, both HP
methods, either discreted or partial averaged, give better
results than the corresponding FP approaches.

In summary, using a new expression for the Feynman
paths expanded around a harmonic reference path, we
have derived an alternative FPI expression for the den-
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Fig. 3a, b. Comparison of the convergence of the diagonal density
matrix elements p(x) calculated by various Monte Carlo Fourier
path integral (MC FPI) methods. The number of Fourier terms p is
2in a and 4 in b. The parameters for the system (Eq. 18) are: g = 10
and f§ = 4. partial averaging (PA), truncated (Trnc)
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Fig. 4. The quantum free energy as a function of p, calculated by
various MC FPI methods. The parameters of the system are the
same as those in Fig. 3

sity matrix element, in both the truncated and PA forms.
This new formulation performs satisfactorily in the
calculation of the thermal propagator and the quantum
free energy.
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